In this article we study conditions for a class of mixed polynomial, with non-isolated critical value, to admit Milnor and Milnor-Lê Fibrations and their equivalence. We prove that for this class the Milnor-Lê fiber on a regular value is homeomorphic to the Milnor-Lê fiber on a critical value. We develop a criterion to verify the transversality property and apply it to a special case of the class of mixed polynomials.
Introduction
In 1960's Milnor proved the result nowadays known as Milnor's Fibration Theorem [15] . The theorem concerns the geometry and topology of holomorphic map-germs f : (C n , 0) → (C, 0). This result is a landmark in singularity theory with a huge impact in many branchs in mathematics.
When the map-germ in question has an isolated critical point, the fiber of the Milnor Fibration is diffeomorphic to a 2(n − 1)-ball to which one attaches handles of middle index. The number of such handles is what we call the Milnor number of the singularity. If the critical point is non-isolated, then the Milnor fiber is diffeomorphic to a ball to which we must attach handles of various indices, in this direction we have, for instance the works of Massey and Tibȃr [13, 14, 25] .
Milnor proved that in the isolated singular case these two fibrations described below are equivalent.
If we set V = f −1 (0) and K ε = S ε ∩ V where S ε is the sphere of radius ε in C n centered at 0, then the first Milnor Fibration is
for ε > 0 sufficiently small (see Lê, [15] ). Given ε as above, the second fibration is
where N (ε, δ) is the tube f −1 (∂D δ ) ∩ B ε for ε δ > 0, with B ε being the ball in C n bounded by S ε = ∂B ε and ∂D δ the board of disc D δ in C.
The first of these is known as the Milnor Fibration of the map-germ, while the fibration on the tube is called nowadays as Milnor-Lê Fibration.
The literature on this topic is vast and we refer for instance to [24] for an updated survey paper by Seade.
The equivalent theory for real analytic map-germs also springs from [15] but it is much less developed. After some important articles by various authors in the early 1970s the subject became somehow dormant till the 1990s, when Ruas, Seade and Verjovsky in [22] opened new lines of research. For example, Araújo, Cisneros-Molina, Dutertre, Menegon, Snoussi and Seade in [1, 8, 10] investigate the non-isolated singularities in the real case.
In a more general situation, the study of Milnor Fibrations defined by functions f g essentially began with the works of Pichon and Seade [19, 21] . In a different approach Araújo, Ribeiro and Tibȃr in [2] also study the Milnor Fibration on real analytc maps. In [5] Cisneros-Molina, Grulha and Seade study the topology of the fibers of real analytic maps f : R n → R p , n > p, in a neighborhood of a critical point.
In [22] , followed by [23] , the authors consider germs at the origin in U ⊂ C n of holomorphic vector fields X(z 1 , · · · , z n ) = (t 1 z b1 1 , · · · , t n z bn n ) and F (z 1 , · · · , z n ) = (k 1 z a1 1 , · · · , k n z an n ), where σ is some permutation of {1, ..., n}, k j , t j ∈ C * , and a j , b j ∈ Z + , and their Hermitian product ψ : U ⊂ C n −→ C: (1) It turns out that if one has a j = b j for all j, then ψ has a isolated critical point at 0 and has Milnor Fibrations as in the holomorphic case, both on sphere and tube.
The proof of this result uses the fact that these singularities are a reminiscent of the classical weighted homogeneous since they admit a canonical action of the Lie group S 1 × R + which brings out scalars to appropriate powers. The S 1action essentially implies that one has a fibration on tubes and the R + -action transports the fibration on the sphere. Furthermore, it is proved in [22, 17] that one the corresponding Milnor Fibrations actually are smoothly equivalent to that of the classical Pham-Brieskorn singularities.
This gave rise to the theory of mixed and polar weighted singularities, developed by M. Oka, Cisneros-Molina and others (see [24] for an account on the subject). Mixed singularities are defined by complex valued real analytic functions on the variables (z 1 , · · · , z n ,z 1 , · · · ,z n ) and M. Oka proved in [16] important results about Milnor Fibrations for these singularities proving they are "strongly non-degenerate", a condition that springs from looking at the associated Newton polygon, as in the holomorphic setting.
In this paper we consider the complementary case of map-germs.
where a j = b j for at least one j, j = 1, · · · , n. In this situation we investigate, separately, the cases a j = b j for all j, j = 1, · · · , n and a j = b j for at least one j, j = 1, · · · , n. These type of functions are not polar weighted because the condition of having a j = b j for at least one j breaks the S 1 -action, so the techniques from [22, 23] do not apply in this setting. Moreover, these singularities are not strongly non-degenerate, so Oka's theorem does not apply neither. But our results are also given by the combinatory informations risen from the mixed polynomials.
In Section 1, we present some general results to determine when a real analytic map has the transversality property (Definition 1.1), which is equivalent to having a Milnor-Lê Fibration on tube. We also give examples which show interesting features regarding the behavior of the critical points that motivate our main results, Theorem 2.10 and Proposition 3.1.
In Section 2, we first show that the map ψ that we envisage here are all weighted homogeneous with an R + -action. This implies that their discriminant is linear. In fact, Proposition 2.5 says that it is generically a half-line. This also implies that once we have a Milnor-Lê Fibration on tube, the R + -action carries this fibration onto a Milnor Fibration on the sphere, so these singularities are d-regular (see Definition 2.6).
In Section 3, we show that there are two fibrations for a special case of ψ, using the transversality property criterion developed in section 1.
Then we show that one has three essentially different possibilities for the type of critical points of ψ depending on the exponents a j , b j which are equal. A careful analysis of these cases yields to Theorem 2.10.
A criterium for local Milnor-Lê Fibrations
Let us consider the real analytic map-germ f : (R n , 0) −→ (R p , 0), where n > p ≥ 1, with a critical point at the origin 0 ∈ R n , such that V := f −1 (0) has dimension greater then zero.
Recall that a local Milnor sphere for f means a sphere in R n of radius ε 0 , ε 0 > 0 and center at 0, such that every sphere in R n of radius less then ε 0 intersects V transversally with respect to some Whitney stratification. Such spheres always exist by [15, 3] .
Let us recall that f admits a local Milnor-Lê Fibration [11] if for every sufficiently small Milnor sphere S ε , boundery of the ball B ε , there exists δ > 0 sufficiently small with respect to ε, where D δ denotes the ball in R p of center at 0 and radius δ, the image of the critical points of f denoted by ∆ f ⊂ R 2 , and
is a locally trivial fibration. We call ∆ f the discriminant of f .
In [8] one finds the following definition, which is a necessary and sufficient condition for having a local Milnor-Lê Fibration: Definition 1.1 A map-germ f as above has the transversality property at 0 if there exists a real number ε 0 with ε 0 > 0 such that, for every ε with 0 < ε ≤ ε 0 , there exists a real number δ = δ(ε), with 0 < δ ε, such that for every
In this section we give a computable condition to verify if a map-germ f has the transversality property. In order to do so, we state next proposition that classify the points where the fibers of f fail to be transversal to the spheres, that is, the points where T 
The set of zeros of f is given by V = {(0, y, 0); y ∈ R}. The jacobian matrix is Jf = y x 2z 1 0 0 , the critical set is {(0, y, 0); y ∈ R}, hence the discriminant is ∆ f = {(0, 0)} and f has an isolated critical value.
Let us see whether f has the transversality property. Consider a point p ∈ R 3 of the form p = (a, b, 0) with a = 0 and therefore p / ∈ V . The tangent space of the fiber f −1 (f (p)) at p is the line {(0, 0, z); z ∈ R}, defined by the equations bx + ay = 0 x = 0
The tangent space at p of sphere in R 3 centered on the origin containing p is given by equation ax + by = 0.
Hence the tangent line to the fiber of f is contained in the tangent space of the sphere, consequently they are not transverse.
If we take a −→ 0 we have the curve C in the sphere S 2 ε , approaching V ∩ S 2 ε and such that f (C) −→ 0. This holds for all such spheres S 2 ε , so f does not have the transversality property. Another way to verify that we do not have the transversality property is to observe that f has an isolated critical value, then if we had a locally trivial fibration away from {0}, the topology of all fibers outside V would be the same. Yet, the fiber over (1, 0) is a disconnected manifold while the fiber over (0, 1) is connected.
In particular, the map f does not have the Thom a f -Property (Definition 3.1, [6] ), though one can check that it is d-regular by Proposition 3.8 of [6] . Inspired by the above example, the next proposition gives us a criterion to have the transversality property. The next example shows a map that has the transversality property.
The critical set of g is {(x, y, 0, 0); x, y ∈ R} hence the discriminant is {(x 2 + y 2 , 0)} and the critical valued not isolated. Note that
We find the points such that the fibers have tangency with S 3 ε . Consider the matrix M formed by the gradient vectors of the coordinate functions and the position vector:
The points that have tangency of the fibers with the sphere are of the type
, (x, y, 0, 0) and (0, 0, z, w)
notice that the first two types have no way of approaching V , the third type of points are critical and the last type of points are such that when approaching V they can not remain on a given sphere of radius ε > 0. Therefore it is not possible to have a sequence that satisfies the conditions in Theorem 1.4, and then g has the transversality property.
Another way to show that g has the transversality property is to verify that V ∩ Σ g = {0} by the following proposition.
, then f has the transversality property.
Note that
Using Proposition 1.2 we find the points such that the fibers have tangency with S 5 ε . Consider the matrix:
This implies that the points that have tangency of the fibers with the sphere are of the following six types:
x, y, 0, 0,
, (x, y, z, w, 0, 0) , (0, 0, 0, 0, t, r) .
Note that the first four types do not approach V since the last coordinate is different from zero, the fifth type are critical points and the last one when approaching V do not stay on the sphere of radius ε > 0 small enough, hence h has the transversality property.
Note that in this example we do not have V ∩ Σ h = {0}, because the point (1, 1, 1, 1, 0, 0) ∈ V ∩ Σ h . Thus in this case it is not possible to prove the transversality property using Proposition 1.6.
The main theorem
Note that it is easy to see that in the case a j = 0, b j = 1 and a j = 1, b j = 0 with Re(λ j ) = 0 and Im(λ j ) = 0 we have a submertion, and therefore we do not need to investigate these situation. We know from [22] that if a j = b j for all j = 1, · · · , n, then these maps have an isolated critical point.
Let us first consider the case when a j = b j for at least one j and a j = b j for at least one j, j = 1, · · · , n. We want to determine the conditions for ψ to have Milnor Fibration. Definition 2.1 (Definition 2.13, [7]) Let p 1 , · · · , p n be integers with gcd(p 1 , · · · , p n ) = 1. Let f : R n −→ R m be an analytic map and consider an R + -action on R n given by t · x := (t p1 x 1 , · · · , t pn x n ). Let a be a positive integer. We call f a radial weighted homogeneous map of type (p 1 , · · · , p n ; a) if
where p j is a positive integer for j = 1, · · · , n. We say that f is a generalized radial weighted homogeneous if p 1 , · · · , p n are arbitrary integers.
The map ψ(z, z) is a weighted homogeneous polynomial map with an R + -action.
Proof: Using the R + -action defined in [7] , given by
We define a = lcm(a 1 + b 1 , · · · , a n + b n ) and p j = a aj +bj > 0.
The above polynomial ψ(z, z) is not necessarily holomorphic maps, so we consider then as real analytic maps ψ : R 2n → R 2 , where z j = x j + iy j , x j , y j ∈ R, j = 1, · · · , n. We set ψ 1 (z, z) = Re(ψ(z, z)) and ψ 2 (z, z) = Im(ψ(z, z)).
Proposition 2.3
Consider ψ(z, z) = n j=1 k j t j z aj j z j bj , a j , b j ∈ Z, a j , b j ≥ 0, as above with a j = b j for at least one j and a j = b j for at least one j, j = 1, · · · , n. There are three possibilities for the critical points Σ ψ of ψ. When ψ has two or more indices with a j = b j , in this case there are two alternatives for critical sets. Assume, without loss of generality, that only the indexes j 1 and j 2 have a j1 = b j1 and a j2 = b j2 : i) Σ ψ = {(x j1 , y j1 , x j2 , y j2 , · · · , 0, 0)}.
ii) Σ ψ = {(x j1 , y j1 , 0, 0, · · · , 0, 0)} ∪ {(0, 0, x j2 , y j2 , · · · , 0, 0)}.
iii) When ψ has only a single index j such that a j = b j , the set of critical points is Σ ψ = {(0, · · · , 0, x j , y j , 0, · · · , 0)}.
Proof: Let ψ 1 (z, z) = Re(ψ(z, z)) and ψ 2 (z, z) = Im(ψ(z, z)). Assuming we have only a single index with equal exponents, in this case z aj j z j aj = (x 2 j +y 2 j ) aj , and calculating the jacobian matrix of this situation we conclude directly that Σ ψ = {(0, · · · , 0, x j , y j , 0, · · · , 0)}.
With on loss of generality, assume j 1 and j 2 are the indices such that a j = b j , and j 3 , · · · , j n have a j = b j . Thus we have
Replacing k j l t j l = α j l + iβ j l , α j l , β j l ∈ R * , for each l = 1, 2, we get
and
The rest is a straightforward computation using the 2 × 2 minor of ψ corresponding to the partial derivatives of ψ 1 , ψ 2 with respect to z j and z j .
η is a union of line-segments, that is:
We call η a linearity radius of ∆ f .
The next result shows that ψ has linear discriminant.
with a j = b j for at least one j and a j = b j for at least one j, j = 1, · · · , n and k j t j = α j + iβ j ∈ C * . Then the discriminant of ψ is a half-line from the origin of R 2 , which does not disconnect the R 2 .
Proof: We split the proof into two parts, first when k j t j = α j or second k j t j = α j + iβ j , β j = 0. Let us firts consider α j a real number. In this case, the contribution of the factor z j , that has the same exponents, appears only in the real part ψ 1 (z, z) = Re(ψ(z, z)), so we have that the discriminant is of the form
recalling that z j = x j + iy j , x j , y j ∈ R and when a j = b j we have x j , y j any in the critical set of ψ.
Let us now consider that coefficients are of the second type. In this case, from Proposition 2.3 we have three possible types of critical sets. We work with pairs of exponents and this can be generalized easily, because when we have factors with different exponents we know that x j = y j = 0 in the critical set.
Let us suppose again that the indices j 1 , j 2 have a j1 = b j1 and a j2 = b j2 , when (α j1 β j2 − α j2 β j1 ) = 0 we have Σ ψ = {(x j1 , y j1 , x j2 , y j2 , · · · , 0, 0)}, but remember that, in order, to have Milnor Fibration is necessary that the α s and the β s have the same signs, so
parameterize the discriminant, as the coefficients have equal signs in the two above expressions, we have that the equation (3) always be positive or negative, that is, a, b ≤ 0 or a, b ≥ 0 thus taking a, b always nonzero positives we have the following possibilities for the discriminant in that situation, All cases are half-line that do not disconnect the target. Finally, when α j1 β j2 − α j2 β j1 = 0 we have Σ ψ = {(x j1 , y j1 , 0, 0, · · · , 0, 0)} ∪ {(0, 0, x j2 , y j2 , · · · , 0, 0)}, in this case ∆ ψ = (α j1 (x 2 j1 + y 2 j1 ) aj 1 , β j1 (x 2 j1 + y 2 j1 ) aj 1 ) or ∆ ψ = (α j2 (x 2 j2 + y 2 j2 ) aj 2 , β j2 (x 2 j2 + y 2 j2 ) aj 2 ). In both cases, we have again only half-line options of the four quadrants of R 2 , because the coordinates have the signs of α s and β s.
Given an analytic map-germ as above, f : (R n , 0) → (R p , 0), n > p ≥ 1, with a critical point at the origin 0 ∈ R n and such that V := f −1 (0) has dimension greater then zero. We now consider fibrations on small spheres. One can associate to f a canonical pencil as in [9] : to each line L through the origin in R p we associate the analytic set
The union of all these analytic sets is the whole ambient space, their intersection is V and each of these is non-singular away from the critical set of f . We now consider map-germs with non-isolated critical values but with linear discriminant. The concept of regularity was extended to this setting as follows: 
). If f is real analytic then the fibration φ is smooth indeed.
Moreover, this fibration is equivalent to the local Milnor-Lê Fibration.
with a j = b j for at least one j and a j = b j for at least one j, j = 1, · · · , n, is d-regular.
Proof: It follows from the fact that ψ has R + -action (Lemma 2.2) and doing the same procedure developed in the proof of Proposition 3.4 in [4] .
By Proprosition 1.6 in the next result we present conditions for ψ to have the transversality property . Lemma 2.9 Consider ψ(z, z) = n j=1 k j t j z aj j z j bj , a j , b j ∈ Z, a j , b j ≥ 0, with a j = b j for at least one j and a j = b j for at least one j, j = 1, · · · , n. The map ψ has the transversality property under the following conditions: i) when there is only one j, such that a j = b j .
ii) when there is more than one j such that a j = b j . We have to analyse the coefficients of these indices, with equal exponents, two by two. If a j1 = b j1 , a j2 = b j2 and α j1 β j2 = α j2 β j1 it is sufficient that α j1 α j2 > 0 and β j1 β j2 > 0.
iii) considering the same situation as in ii) above, but when α j1 β j2 = α j2 β j1 .
Proof: Using the criterion of Proposition 1.6, let us check if Σ ψ ∩ V = {0}. We denote by j 1 , · · · , j r the indices such that a j = b j and by j r+1 , · · · , j n which a j = b j , that is, 1 ≤ r ≤ n − 1. Thus
Replacing k j t j = α j + iβ j , α j , β j ∈ R * , we have
where ψ 1 (z, z) = Re(ψ(z, z)) and ψ 2 (z, z) = Im(ψ(z, z)). As discussed in [22] , when the exponents are different we have z j = 0. Suppose j 1 , j 2 , without loss of generality, are the indeces such that we have that the exponents are equal. Now let's check the jacobian matrices 2 × 2 of ψ in relation to those partial derivatives from z j and z j , we have a j1 a j2 ||z j1 || 2aj 1 −2 z j1 ||z j2 || 2aj 2 −2 z j2 (α j1 β j2 − α j2 β j1 ) and
a j1 a j2 ||z j1 || 2aj 1 −2 z j1 ||z j2 || 2aj 2 −2 z j2 (α j1 β j2 − α j2 β j1 ) are zero when z j 's are zero or (α j1 β j2 − α j2 β j1 ) = 0, when second statement happens then Σ ψ = {(x j1 , y j1 , x j2 , y j2 , · · · , 0, 0)}. When (α j1 β j2 − α j2 β j1 ) = 0 we have Σ ψ = {(x j1 , y j1 , 0, 0, · · · , 0, 0)} ∪ {(0, 0, x j2 , y j2 , · · · , 0, 0)}. These are the two possibilities of critical set of ψ generating distinct critical values (Proposition 2.3) and notes that they are non isolated. Case 1 : if (α j1 β j2 − α j2 β j1 ) = 0 then Σ ψ = {(x j1 , y j1 , x j2 , y j2 , · · · , 0, 0)}, so
As α j1 β j2 = α j2 β j1 there exists the following possibilities: a) If α j1 α j2 > 0 and β j1 β j2 > 0. Thus, we conclude through equations (4) and (5) that ψ has the transversality property.
b) If α j1 α j2 < 0 and β j1 β j2 < 0. Thefore, by equations (4) and (5) we concluded ψ does not satisfy the criterion Σ ψ ∩ V = {0} of transversality property.
Note that when k j t j are real or pure imaginary we are also in this situation.
, y j1 , 0, 0, · · · , 0, 0)} ∪ {(0, 0, x j2 , y j2 , · · · , 0, 0)}, we have
Thus, when (α j1 β j2 −α j2 β j1 ) = 0 we always have the transversality property in equations (6) and (7) .
, projection onto the unit sphere, is a locally trivial fibration over its image under the following conditions: i) when there is only one j, such that a j = b j .
iii) considering the same situation as in ii) above, but when α j1 β j2 = α j2 β j1 . Proof: The proof follows from Proposition 2.8 and Lemma 2.9 by Theorem 3.8 in [8] .
The next example illustrates item iii) in the last theorem.
and the jacobian matrix of f corresponding to the partial derivatives of f 1 and f 2
2x 1 2y 1 −4(x 2 2 + y 2 2 )x 2 −4(x 2 2 + y 2 2 )y 2 3x 2 3 + y 2
Hence Σ f = {(x 1 , y 1 , 0, 0, 0, 0)} ∪ {(0, 0, x 2 , y 2 , 0, 0)} and then
Note that in this case we have Σ f ∩ V = {(0, 0, 0, 0, 0, 0)} and we are under the conditions of the Theorem 2.10 and thus we have that f has the Milnor Fibration.
Remark 2.12 Using the notation stated in the last theorem, when a j = b j for all indices j = 1, · · · , n then using Proposition 2.3 we have two possibilities of critical set types, when α j1 β j2 = α j2 β j1 the singular set of the map concides with its domain. In the case α j1 β j2 = α j2 β j1 where are under the condition iii) of the last theorem.
In [8] the authors prove a result that ensures equivalence between the Milnor-Lê Fibration on the tube and the Milnor Fibration on the sphere in this context. The next proposition is a consequence of this result.
Proposition 2.13
Suppose that ψ satisfies the Theorem 2.10. The fibrations
are equivalent, whereπ : B p δ → S p−1 is the radial projection.
We want to show that the Milnor-Lê fibers of critical values, in the case of mixed homogeneous polynomials are homeomorphic Milnor-Lê fibers of the regular values, [12] . Definition 2.14 Consider a map-germ f = (f 1 , · · · , f p ) : (R n , 0) −→ (R p , 0), n > p. We say that f −1 (0) is a geometric complete intersection if the codimension of f −1 (0) is p.
It is easy to check that ψ −1 (0) is a complete intersection. Ensuring that V = ψ −1 (0) has a real dimension 2n − 2 and consequently by a small translation we obtain that the inverse images of the critical values also have a real dimension 2n − 2.
The Theorem 1.1 of [12] ensure that we have the Milnor-Lê Fibration for critical values when they lies in a linear discriminat of dimention one, what is exactly our situation.
Thus now we present a result that shows that the Milnor-Lê fibers of the regular values are homeomorphic the fibers of the critical values of ψ. Proof: It is easy see that ψ −1 (d), d = (0, 0) is a smooth manifold so they can be viewed locally as a graph of a map.
Let X d = ψ −1 (d) be a fiber of d, d ∈ ∆ ψ (Theorem 1.1 of [12] ) and Also one can set two projections
such that π 1 (z, g(z)) = z and π 2 (z , h(z )) = z, where g, h are the maps that describe them as a graph of a map in a z ∈ X d and z ∈ X −d . Then we get the following commutative diagram,
In this situation the projection π 1 is a homeomorphism, so we have a homeomorphism between X d and X −d .
The following example motivated the last result.
Example 2.16
Consider f (z, z) = z 1 z 1 +z 2 2 z 2 in R 2 , we take f 1 (z, z) = Re(f (z, z)) and f 2 (z, z) = Im(f (z, z)), f 1 (x 1 , y 1 , x 2 , y 2 ) = x 2 1 + y 2 1 + x 2 (x 2 2 + y 2 2 ) and f 2 (x 1 , y 1 , x 2 , y 2 ) = y 2 (x 2 2 + y 2 2 ) In this situation
Recall that the discriminant of f has fibration. Let us take c ∈ R + , in the situation we have
The first fiber of the discriminants, the second the special fiber and finally the fiber of a regular value opposite the critical value used. Through the image below, considering R 4 a cut y 2 = 0, you can see a representation of the three fibers described above. Recall that the map in that example is given by,
For a class of ψ containg example above, we proof the existence of Milnor Fibration using the d-regularity (Proposition 2.8) and proving by Theorem 1.4 that we have in this case the transversality property. The proof of the next result is similar to the proof of the Theorem 2.10. K j z aj j z j aj + K n z n z n 2 , a j = 1, 2, 3
with K n such that Im(K n ) = 0 or Re(K n ) = 0 and K j ∈ R * with opposite signs for at least two j, j = 1, · · · , n − 1. Taking z j = x j + iy j , x j , y j ∈ R we have
and ψ 2 (x 1 , · · · , y n ) = K n y n (x 2 n + y 2 n ) or ψ 1 (x 1 , · · · , y n ) = n−1 j=1 K j (x 2 j + y 2 j ) aj + K n x n (x 2 n + y 2 n ) and ψ 2 (x 1 , · · · , y n ) = −K n y n (x 2 n + y 2 n ).
The map
We perform this proof in the following way, we consider ψ(z, z) described in equation (8) and for the map in equation (9) the proof follows similar.
It is simple to see that V = ψ −1 (0) = {(x 1 , y 1 , · · · , y n−1 , x n , 0) ∈ R 2n ; n−1 j=1 K j (x 2 j +y 2 j ) aj +K n x n x 2 n = 0} or V = ψ −1 (0) = {(x 1 , y 1 , · · · , y n−1 , 0, y n ) ∈ R 2n ; n−1 j=1 K j (x 2 j +y 2 j ) aj +K n y n y 2 n = 0}, when K n = Re(K n ), Re(K n ) = 0 or K n = iIm(K n ), Im(K n ) = 0, respectively. We proof the case K n = Re(K n ), the case K n = Im(K n ) follows similarly to K n real. By Proposition 1.2 we determine the sequences of points (p n ) n∈N , points of tangency between ψ −1 (ψ(p n )) and S 2n−1 ε . Consider the matrix M formed by the gradient vectors of the coordinate functions and the position vector. Let's analyze the possible sequences (p n ) n∈N such that M (p n ) has rank 2, n ∈ N M =   a 1,1 a 1,2 a 1,3 a 1,4 a 1,5 a 1,6 · · · a 1,2n−1 a 1,2n 0 0 0 0 0 0 · · · a 2,2n−1 a 2,2n x 1 y 1 x 2 y 2 x 3 y 3 · · · x n y n   , where a 1,1 = 2K 1 a 1 x 1 (x 2 1 + y 2 1 ) a1−1 , a 1,2 = 2K 1 a 1 y 1 (x 2 1 + y 2 1 ) a1−1 , a 1,3 = 2K 2 a 2 x 2 (x 2 2 + y 2 2 ) a2−1 , a 1,4 = 2K 2 a 2 y 2 (x 2 2 + y 2 2 ) a2−1 , a 1,5 = 2K 3 a 3 x 3 (x 2 3 + y 2 3 ) a3−1 , a 1,6 = 2K 3 a 3 y 3 (x 2 3 + y 2 3 ) a3−1 , · · · , a 1,2n−1 = 3K n x 2 n + K n y 2 n , a 1,2n = 2K n x n y n , a 2,2n−1 = 2K n x n y n and a 2,2n = 3K n y 2 n + k n x 2 n , with a j − 1 = 0, 1, 2. Let denote K 1 , K 2 and K 3 the coefficients with opposite signs, with no loss of generality. Note also that, since the matrix M is 3 × 2n and ψ 2 depends only on the variables x n and y n , the only interesting 3 × 3 minors that we should compute has at least one column coincides with one of the two last columns of M .
With no loss of generality, let us consider K j = 1 or −1.
We assume the sequence on the sphere, so x 2 3 + y 2 3 + x 2 n + y 2 n = ε 2 and more, approaching V , in this case y n = 0 and (x 2 3 + y 2 3 ) 3 + x 3 n = 0
Therefore, we obtain a contradiction. Take x 2 3 + y 2 3 = ε 2 − x 2 n consequently by equation (12) we concluded x n > 1 and in the equation (14) we conclude x n = 0 or 1 2 , we obtain a contradiction.
6 case:
(0, 0, x 2 , 0, 0, 0, · · · , x n , y n ) and (x 2 n + y 2 n ) + 2x n x 4 2 = 0 (15) or (0, 0, 0, y 2 , 0, 0, · · · , x n , y n ) and (x 2 n + y 2 n ) + 4x n y 4 2 = 0
We check if near V the fibers of the images of these points are transverse to sphere S 2n−1 ε .
Then there is no sequence (p n ) n∈N such that the image fibers of these points are tangent to the sphere and that sequence converges to p, p ∈ V ∩ S 2n−1 ε . By Theorem 1.4 ψ described in equations (8) and (9) has the transversality property.
Therefore ψ is d-regular and has the transversality property, so by the Theorem 2.7 we prove that ψ has Milnor Fibration. 
